It has been recently proposed that helium white dwarfs may provide promising conditions for the occurrence of the Bose -Einstein condensation. The argument supporting this expectation is that in some conditions attained in the core of these objects, the typical De Broglie wavelength associated with helium nuclei is of the order of the mean distance between neighboring nuclei. In these conditions the system should depart from classical behavior showing quantum effects. As helium nuclei are bosons, they are expected to condense.
Abstract
It has been recently proposed that helium white dwarfs may provide promising conditions for the occurrence of the Bose -Einstein condensation. The argument supporting this expectation is that in some conditions attained in the core of these objects, the typical De Broglie wavelength associated with helium nuclei is of the order of the mean distance between neighboring nuclei. In these conditions the system should depart from classical behavior showing quantum effects. As helium nuclei are bosons, they are expected to condense.
In order to explore the possibility of detecting the Bose -Einstein condensation in the evolution of helium white dwarfs we have computed a set of models for a variety of stellar masses and values of the condensation temperature. We do not perform a detailed treatment of the condensation process but mimic it by suppressing the nuclei contribution to the equation of state by applying an adequate function. As the cooling of white dwarfs depends on average properties of the whole stellar interior, this procedure should be suitable for exploring the departure of the cooling process from that predicted by the standard treatment.
We find that the Bose -Einstein condensation has noticeable, but not dramatic effects on the cooling process only for the most massive white dwarfs compatible with a helium dominated interior (≈ 0.50M⊙) and very low luminosities (say, Log(L/L⊙) < −4.0). These facts lead us to conclude that it seems extremely difficult to find observable signals of the Bose -Einstein condensation.
Recently, it has been suggested that the population of helium white dwarfs detected in the globular cluster NGC 6397 is a good candidate for
Introduction
It is well known that low and intermediate mass stars (up to ≈ 8M ⊙ ) evolve leading to the formation of white dwarf (hereafter WD) stars. Depending on their masses, WDs are expected to have different internal compositions. For example, low mass WDs should have a helium rich interior because they have not reached central temperatures high enough for the onset of helium burning (T ≈ 10 8 K). These objects have masses up to ≈ 0.5M ⊙ and are usually referred to as helium WDs (hereafter He WDs). More massive WD (0.5M ⊙ M 1.1M ⊙ ) are remnant of higher mass stars that underwent nuclear activity up to helium burning. Consequently, the interior of these WDs is expected to be made up of a mixture of carbon and oxygen with traces of neon. Finally, the most massive WDs (1.1M ⊙ M 1.3M ⊙ ) are expected to have suffered nuclear activity beyond helium burning, leading to the formation of an oxygen and magnesium rich interior. For a detailed discussion of the evolutionary processes leading to the formation of WDs see, e.g., Ref. [1] . In this paper we are mainly interested in He WDs.
From a physical point of view [2, 3] , WDs are remarkably simple objects. Their structure is supported against gravitational collapse by a Fermi gas of strongly degenerate electrons. Due to the high efficiency of degenerate material to conduct heat, cool WDs have nearly isothermal interiors. They evolve along an almost straight track in the Hertzsprung -Russell (luminosity vs. effective temperature) diagram. Because of its simplicity, many researchers studied the cooling of WDs with the aim of employing evolutionary calculations to measure, e.g., the age of the disk of our Galaxy [4] . With the availability of very deep observations, thanks to the Hubble Space Telescope, it has been possible to study the WD population of globular clusters making WD evolution an important ingredient for the understanding of the evolution of all the stars in such clusters. These studies called for an increasing degree of sophistication in the modeling of WD cooling. It was recognized the relevance of element diffusion that modified the chemical composition of the outermost layers of the WD [5, 6] . This process is largely a consequence of the strong gravitational field of WD interiors; it modifies the composition and the opacity of the partially -degenerated outermost layers affecting its cooling. Another important effect is crystallization [7] . It is expected that Coulomb interactions inside carbon -oxygen WDs should be strong enough for forcing crystallization. This process should lead to a latent energy release that should be large enough to lengthen WD cooling significantly. If a carbon -oxygen WD is massive enough it is expected to undergo crystallization at observable luminosity. Obviously, for the case of WDs made up of elements heavier than carbon and/or oxygen, crystallization should set in even earlier. Quite contrarily, for the case of He WDs, the standard theory does not predict the occurrence of crystallization at luminosities reachable in real objects at the present age of the Universe.
He WDs should arise as a consequence of binary evolution [8] . A single star would need a time interval far in excess of the age of the Universe to evolve to such a state. Binary systems of close enough components lead to a mass exchange process in which the donor star, originally an intermediate mass object, losses most of its mass. Depending on the initial orbital separation and the masses of the components, it may lead to the formation of He WDs on short times [9] .
He WDs are expected to be the companions of some of the best observed binary systems containing a millisecond pulsar as are the cases of PSR J0437-4715 [10] , PSR J1713+0747 [11] , PSR B1855+09 [12] , PSR J1909-3744 [13] . Very recently [14] , a population of He WDs has been detected in the globular cluster NGC 6397. While most of the population of WDs is compatible with a carbon -oxygen rich interior, they found 24 serious candidates to be He WDs.
Usually, the equation of state (EOS) of the He WD is modeled as a degenerate Fermi gas of electrons with a free, uncondensed gas of He nuclei corrected by non -ideal effects (Coulomb, Thomas -Fermi, exchange, etc.). This is described in the appendix of Ref. [15] . Very recently, the possible occurrence of BEC in the deep interior of He WDs has been studied. It has been proposed [16] that the ionic contribution to the specific heat of the condensate would be suppressed and that this would have observable consequences. Also the possibility that He WDs would cool faster has been studied [17] (for a review see Ref. [18] ). The reason for this to be expected is very simple: at the interior of He WDs, helium nuclei are light and close enough that their associated wave function can overlap that of neighboring nuclei. Consequently, the behavior of the gas of helium nuclei may depart from classical behavior allowing for the occurrence of quantum effects.
Let us define the range of densities and temperatures expected to occur at He WD interiors. These are dependent upon the mass of the object, however an absolute upper limit for the temperature T is imposed by the conditions for helium burning: T must be lower than 10 8 K (k B T < 10 KeV). Regarding the range of values for the density, for a given stellar mass value, the upper limit is given by the central density of a zero temperature model as done by Hamada & Salpeter [19] . These values are given in Table 1 . It is important to remark that Nature does not provide a way to get higher densities with a helium-dominated composition avoiding helium burning. This is supported by extensive numerical experiments performed by Iben & Tutukov [20] who studied the evolution of close binary systems with components of intermediate masses. They found that the largest mass of He WDs is ≈0.50 M ⊙ .
Let us consider the range of temperatures for which we may expect the occurrence of quantum effects for the behavior of ions. Following [18] the distance between d ions should be of the order of the De Broglie wavelength λ. Then, the critical temperature T critical is given by
Thus, T critical gives an estimation of the internal temperature at which the star may undergo some quantum mechanical effect in the ionic part of its composition, in particular a BEC. In the context of stellar interiors this temperature is very low. While in the literature it has been addressed the possible impact Table 1 : Hamada-Salpeter sequence for zero temperature helium white dwarfs. M and R are the stellar and radius, both in solar units, ρ c is the central density, n c is the central particle number density, and T critical is the critical temperature for the center of the star, defined by Eq. (1). 0.150 of such condensation on observable quantities [17, 18] , these analysis have been based on the simplified, analytical Mestel's treatment of WD cooling [2] . In this paper we shall consider the cooling of He WDs based on detailed numerical models in order to put some upper limit on the consequences of BEC on He WDs evolution. In order to do so, we shall not perform a detailed treatment of the condensation but only mimic it by assuming that, for a given density, there exists a temperature T cond below which the ionic contributions to the energy, pressure and specific heats are strongly suppressed.
He WDs may have or lack an outermost hydrogen layer. Such a hydrogen layer may be thick enough to undergo a strong nuclear activity at its bottom. This is found, for example as a consequence of binary stellar evolution [9] . For a given mass and luminosity, if He WDs have such hydrogen layer, its interior is hotter than it would be without it. Consequently, the most favorable structure of condensation to occur is when the He WDs has a helium -dominated composition up to its surface. Another relevant quantity to analyze is the amount of heavy elements (per unit of mass) Z in the star. It is well known that, the higher Z the higher the opacity of the plasma. Typical globular cluster have Z values lower than that of the Sun (Z ⊙ = 0.020). Below we shall consider a set of models of He WDs without any hydrogen layer, evolving them to very low luminosities to reach plausible conditions for BEC to occur.
The remainder of this paper is organized as follows: In Section 2 we briefly describe the modifications we shall incorporate to the EOS of the stellar plasma together with the procedures to construct the stellar models. Section 3 is devoted to present the numerical results of our study. Finally, in Section 4 we discuss the meaning of our results related to the occurrence and detectability of BEC in He WDs and give some concluding remarks.
Modeling White Dwarfs
We shall employ the stellar evolution code described in [21] with updated physical ingredients. In order to mimic BEC, we shall consider it to occur at a temperature T cond = ηT critical . η has been incorporated in order to explore the effects of BEC for different values of the condensation temperature; we shall employ η = 10, 3, 1, and 0. We shall consider an EOS as described in [15] but for the ionic contributions to energy we incorporate a factor F (T ) defined as
This function provides a modification to the ionic contributions to the EOS similar to those expected performing a detailed theory of BEC: for T ≫ T cond we have the standard treatment without condensation whereas for T ≪ T cond the ionic contributions to the EOS are negligible. β has been introduced for numerical convenience in order to avoid too steep variations. While for the main part of this paper we have considered β = 0.05, we have also employed values of β of 0.10 and 0.025. For these three values of β the cooling curves to be presented below are hardly distinguishable, overlapping each other within the thickness of the lines in the plots. This is so even considering the fact that the shape of the function given in Eq. (2) is very sensitive to the value of β. Other corrections relevant to the EOS (Coulomb, Thomas -Fermi, Exchange, etc. corrections) are assumed to be unaffected by BEC.
In order to construct the WD models we shall proceed as in [15] and consider mass values of 0.30, 0.40, and 0.50 M ⊙ for two metallicity values: Z = 10 −3 and Z ⊙ . We start the computations assuming a polytropic structure that quickly relaxes to a WD configuration; doing so we avoid the complexity inherent to binary evolution. In any case, condensation is expected to occur at luminosities far lower than the initial ones; thus, the way we initialize our models has no impact on the main results of this work.
Numerical Results

Cooling calculations
The cooling of our models is presented in Fig. 1 . We have decided to present only the lowermost tail of the sequences because it is where the effects of BEC are noticeable. In this figure we did not included the results without BEC (η = 0) because they are hardly distinguishable from those corresponding to η = 1. The cooling curves are smooth and do not have any sudden change in its slope.
It is well known that the specific heat of a helium nuclei gas cooling down to get condensation conditions, firstly grows above the classical value while later drops below it. The Mestel's analytic model of WD cooling predicts that the rate of change on the WD interior temperature is proportional to the inverse of the specific heat. Then we expect that, comparing to standard cooling without condensation, the first effect due to BEC is that the WD delays its cooling while later it is accelerated. This behavior is actually found in the detailed computations shown in Fig. 1 : Comparing the cooling sequences for values of η = 3 and 10 with those corresponding to η = 1 (very similar to those without BEC) the cooling sequences initially depart toward higher luminosities and then (if the WD gets old enough) drop below. As expected the effects due to BEC are more noticeable the larger the WD mass (the larger its central density) is.
It is important to remark that these results, found mimicking BEC by introducing a factor given in Eq. (2), should be largely independent of the details Notice that the higher the mass of the WD, the effects due to BEC begin to be noticeable at higher luminosities and earlier ages. This is due to the fact that the central density of the models increases with the stellar mass. Notice that even if we consider large values of η, the effects due to the condensation are moderate. 6 of BEC. This is so because of the dynamics of the process of condensation of the WD interior. The interior WD structure is dominated by a Fermi gas of strongly degenerate electrons; thus, as it cools down its density remains almost invariant. Since the onset of BEC at the stellar center, the fraction of condensed mass grows monotonously with time. It is important to remark that, while this process takes place, because its density (and also the condensation temperature) is much lower, the outermost envelope of the star remains uncondensed. The evolution of WDs is consequence of a balance of both of them: the effects due to BEC at the deep interior are averaged over the whole stellar structure. This is the reason why we do not find any sudden acceleration in the WD cooling, even considering the most massive He WDs and η = 10. This effect is described in Fig. 2 . There, we show the profile of the specific heat (at constant pressure) for the interior of a He WD of 0.5 M ⊙ for very low luminosities of Log(L/L ⊙ ) = -4.0, -4.2, -4.4, -4.6, -4.8, and -5.0. At the layers undergoing condensation we have an increase in C p above the standard values while for deeper layers C p is much lower than standard. However, it does not drop near to zero because of the contributions due to the degenerate Fermi gas of electrons and Coulomb interactions [22] . The peak in the C p profile is due to the steep derivative of F (T ) for T ≈ T cond (see Eq. 2). Obviously, a detailed treatment of BEC will provide another shape for such peak but again, this is not decisive for these cooling calculations because, as previously remarked, WD evolution is due to an average of the properties over its whole interior.
The Luminosity function
The Luminosity function is the space density of a given type of star per unit interval of Log(L/L ⊙ ) For the purposes of this paper we shall restrict ourselves to the simplest treatment of the luminosity function Φ(L/L ⊙ ). Following [2] , if in a given object (e.g., our Galaxy or a globular cluster) we may consider the space density and birth rate as uniform, then
In order to know Φ(L/L ⊙ ) we would need to know the stellar birth rate quantitatively. Fortunately this is not necessary for our purposes. Under these assumptions, we show in Fig. 3 the logarithm of Φ(L/L ⊙ ). As remarked above, due to the smoothness of the cooling curves, the luminosity function corresponding to each WD mass value considered here does not undergo any steep drop due to BEC. The dependence of the luminosity function with condensation is far smaller than previous expectations (see Refs. [17, 18] ). This fact makes it very difficult to detect some observational signal of BEC in the cooling of He WDs. Notice that we reached these conclusions considering the most massive He WDs we expect to exist and high values for η.
Discussion and Conclusions
In this work we have computed a set of helium white dwarf (He WD) models in order to explore the detectability of the effects due to a possible Bose -Einstein condensation (BEC) in their deep interior. To do so we have considered three Figure 2 : The evolution of the specific heat (at constant pressure) for a He WD of 0.5 M ⊙ . We assumed β = 0.05 and η = 10. Thick lines represent the profiles corresponding to models including a suppression of the contributions due to helium nuclei devised to mimic BEC. For these models we included results for luminosities of Log(L/L ⊙ ) = -4.0, -4.2, -4.4, -4.6, -4.8, and -5.0 which label the curves. Also, for the same luminosities, we included results corresponding models constructed assuming the standard treatment for the ionic contribution. These are denoted with thin solid lines and coincide with those corresponding to the same value of the luminosity for the outer layers of the star. 8 Figure 3 : The luminosity function for He WD models of 0.3 M ⊙ , 0.4 M ⊙ and 0.5 M ⊙ (upper, middle and lower panels respectively). Red (blue) lines correspond to a metallicity value of Z = 10 −3 (Z ⊙ ). We have considered values of η= 1, 3, and 10 (dashed, dotted and solid lines respectively). In view of the results presented in Fig. 1 it is not surprising that the luminosity function undergoes moderate changes for the considered values of η. The dependence of the luminosity function with condensation is smaller than previous expectations (see Refs. [17, 18] ).
values for the stellar mass (0.30, 0.40, and 0.50 M ⊙ ) and considered different possible values for the condensation temperature, whereas for the metallicity we assumed two values Z=10 −3 and 0.020. For the sake of simplicity, and because it provides the most favorable conditions for detecting BEC we neglected the possible existence of an outermost hydrogen layer. Here we do not perform a detailed theory of the behavior of a charged condensate as it has been done in Ref. [23] . Because of the exploratory nature of this study, we decided to mimic the effects due to BEC in the EOS of the WD interior by introducing a factor represented by the function given in Eq. (2) in order to suppress the ionic contribution when necessary. We should remark two advantages of this kind of procedure: First, the cooling of WDs is the result of an average of properties of matter over the entire stellar structure. This is a heat diffusion process that is well known to be fairly insensitive to short scale details. Thus, the cooling process is dependent on the fraction of mass that has a specific heat lower than that predicted by a classical statistics treatment. Because of these reasons, the procedure we employed is fairly adequate for our purposes. Second, it allows for an easy exploration of the space of parameters of the problem over a physically plausible space of parameters.
The absolute maximum density inside WDs with a helium dominated composition sets a very restrictive upper limit for the BEC to occur. The favorable environment is provided only for the case of the most massive He WDs of, say, ≈ 0.50M ⊙ and with very low luminosities Log(L/L ⊙ ) < −4.0. Even in these conditions, while deep layers are condensed (and represent a monotonically growing mass fraction of the star), the outer layers do not. Moreover, the stellar surface has a direct connection with layers that never condensate. Thus, the cooling process is modified by the occurrence of BEC, but these signals are not dramatic. This is so for the two metallicity values here considered and even if we consider condensation temperatures very high (as compared to that predicted by Eq. 1). These facts lead us to conclude that it seems very difficult to find observable signals of BEC.
As stated in the Introduction ( § 1), a population of 24 candidates to be He WDs has been detected [14] in the globular cluster NGC 6397. Recently, it has been proposed [17, 18] that such population may show some signal of BEC. Let us analyze this possibility in the frame of the results presented above. Six of the 24 candidates proposed in [14] to be He WDs, representative of the whole population in NGC 6397, have been previously detected [24, 25] . In [24] it has been found that these objects are He WDs with masses of the order of M ∼ 0.25 M ⊙ . In [26] it has been reported the spectroscopy of one of these objects (C2, see Table 2 ), showing that it has log g ≃ 6.25 ± 0.1, while Ref. [24] provides their absolute visual magnitude. Adopting the same modulus of distance (as done in [24] ) of (m − M ) 0 = 11.71 for NGC 6397 for the subset of candidates studied in Ref. [25] , and employing bolometric correction for He WD model with T ef f = 8000 K and log g = 6.25 from Ref. [27] , we compute the values of Log(L/L ⊙ ). The results are given in Table 2 . We found a minimum value of Log(L/L ⊙ ) ∼ −2.5.
Comparing the results presented in Section 3 with the data presented in Table 2 we find that the He WDs population in NGC 6397 did not undergo BEC yet: their masses are too low and are too bright. Thus, unfortunately, NGC 6397 does not provide an adequate laboratory to look for signals of the charged condensate. We would like to thank our anonymous referee for his/her constructive report that helped us in improving the original version of this paper.
